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ABSTRACT
Linear-scaling O(𝑁 ) density functional theory (DFT) represents a
significant advancement in the field of computational materials sci-
ence, especially for simulations of large systems where traditional
cubic-scaling methods become computationally prohibitive. The
core operation in O(𝑁 ) methods is sparse general matrix-matrix
multiplication (SpGEMM), which is the major performance bottle-
neck. To enhance the computational efficiency of SpGEMM, it is
crucial to consider the inherent sparse pattern of these matrices.
Targeting block-sparse matrices with moderate block sizes and reg-
ular block shapes, we have developed a distributed block-sparse
matrix-matrix multiplication (DB-SpGEMM) algorithm for large-
scale DFT calculations. Through deep optimizations in distributed
matrix storage, computational task decomposition, asynchronous
task scheduling, and load balancing, we have implemented a linear-
scaling method based on this algorithm within the discontinuous
Galerkin density functional theory (DGDFT). On the new Sunway
supercomputer, our approach achieves a 8 ∼ 10x speedup compared
to the original version on monolayer phosphorene systems, and
demonstrates superior scalability.
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1 INTRODUCTION
Electronic structure calculations based on Kohn-Sham (KS) density
functional theory (DFT) [17, 24] are widely used in computational
chemistry, condensed matter physics, and other fields for the ac-
curate simulation of metallic systems with thousands of atoms.
However, as the number of atoms increases from thousands to hun-
dreds of thousands or even millions, the memory requirements and
computational time of the traditional cubic-scaling direct diagonal-
ization method become prohibitive, leading to serious performance
bottlenecks. Consequently, many DFT codes have adopted low or
linear-scalingmethods to mitigate the high computational overhead
in large-scale simulations.

Among these DFT codes, the DGDFT [18–20] has made a series
of innovations in numerical algorithms and data communication. It
was nominated for the 2022 Gordon Bell Prize for achieving high-
precision electronic structure calculations of 2.5 million atoms on
the new Sunway supercomputer. While the PEXSI [26] solver used
by DGDFT reduces the computational complexity from O(𝑁 3) to
O(𝑁 1.5∼2), providing a significant advantage for metallic systems,
linear-scaling methods are often preferred for large-scale simula-
tions in both molecular and condensed systems.

Linear-scaling methods are grounded in the locality principle
in quantum mechanics [32], confine computations to local regions
rather than the entire system. This ensures that the information
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required to solve the KS equations scales linearly with the system
size. These methods, such as divide-and-conquer [37], density ma-
trix minimization [10], and density matrix purification [30], avoid
direct diagonalization by computing the density matrix. Typically,
they employ localized basis sets like Gaussian-type orbitals (GTO)
or numerical atomic orbitals (NAO) [35]. The use of localized basis
sets results in a block-sparse KS matrix, characterized by non-zero
elements concentrated in irregularly shaped dense matrix blocks.
The computation of density matrix effectively translates to opera-
tions on sparse matrices, with the primary performance bottleneck
being sparse general matrix-matrix multiplication (SpGEMM). Al-
though the computational complexity is reduced, communication
and other issues make it challenging to parallelize SpGEMM and
maintain good scalability in large-scale computations.

To enhance computational efficiency, numerous SpGEMM algo-
rithms have been developed, focusing on reducing communication
or innovating storage formats. These algorithms are integral to
massively parallel libraries such as NTPoly [11], DBCSR [6, 34],
and Combinatorial BLAS [7]. Some libraries have optimized data
structures for block-sparse matrices, but they face limitations in
algorithm design when dealing with irregular dense matrix blocks.
Therefore, when dealing with block-sparse matrices that have reg-
ularly shaped and relatively large matrix blocks, these algorithms
cannot fully exploit this sparsity pattern.

On the other hand, with the rapid development of high-performance
computing technologies, an increasing number of DFT codes are
being deployed on large-scale heterogeneous computing systems
[9, 33]. This trend places greater demands on the design of SpGEMM
algorithms. Many libraries exploit parallelism that cannot fully uti-
lize the computational capabilities of modern supercomputer. Thus,
achieving efficient linear-scaling DFT calculations faces challenges
not only in algorithm design but also in ensuring compatibility
with the system architecture. Without addressing these challenges
effectively, the advantages of linear-scaling methods cannot be fully
realized.

The main contributions of this work can be summarized as fol-
lows:

(1) We propose DB-SpGEMM for block-sparse matrix-matrix mul-
tiplication, enabling large-scale DFT calculations on the hetero-
geneous supercomputer.

(2) We design a distributed storage method for block-sparse ma-
trices with regularly shaped blocks and preformed a computa-
tional task decomposition based on that.

(3) To hide communication and parallelize computational tasks,
we design a runtime on the Sunway many-core architecture
capable of handling tasks with dependencies.

(4) Developing optimization techniques to achieve better load bal-
ancing and reduce solution time without sacrificing accuracy.

(5) We simulate monolayer phosphorene systems with up to 35,840
atoms, achieving better parallel efficiency on more than 4 mil-
lion cores and a significant speedup in single SpGEMM.

The remainder of this paper is organized as follows. Section
2 reviews related work. Section 3 provides relevant background
knowledge. Section 4 details the main components of DB-SpGEMM,
including the matrix storage method, computational task decompo-
sition strategy, runtime design, and other optimization techniques.

Section 5 presents the experimental results. Finally, Section 6 sum-
marizes our work and outlines prospects for future research.

2 RELATEDWORK
In the computation of density matrix, SpGEMM occupies the ma-
jority of the processing time, making suitable parallel algorithms
crucial for enhancing the performance of linear-scaling DFT calcula-
tions. Early work explored various parallelization methods, such as
the 2D decomposition-based SpSUMMA and SpCannon algorithms
[7]. However, as parallel scales increased, the escalating commu-
nication overhead severely impacted scalability. This challenge
led to the development of numerous SpGEMM algorithms with
communication-avoid as their objective. Ballard et al. [4] optimized
on random sparse matrices, proposing a 3D recursive algorithm.
Subsequently, Azad et al. [3] tested this 3D algorithm on real world
sparse matrices, demonstrating through analysis that compared to
2D decomposition, it effectively reduces communication overhead
in large-scale parallelism, thereby enhancing scalability.

In addition to communication optimization, some work seek to
leverage spatial structure in sparse matrices to enhance computa-
tional intensity. For instance, the DBCSR library used in quantum
chemistry code CP2K [21] stores matrices in blocked compressed
sparse row (CSR) format and has designed specialized library for
small matrix block multiplications on GPUs. Lazzaro et al. [25] built
upon the DBCSR library, replacing MPI point-to-point communica-
tion with one-sided communication to propose a 2.5D algorithm.
The NTPoly library combines the 3D SpGEMM with DBCSR, in-
troducing non-blocking communication and MPI+OpenMP hybrid
parallelism. NTPoly utilize this algorithm as the core matrix mul-
tiplication routine, achieving various linear-scaling matrix func-
tion calculations and quantum chemistry methods. Chen et al. [8]
achieved large-scale DFT calculations in FHI-aims [5] using opti-
mized NTPoly on the new Sunway supercomputer. Additionally,
Herault et al. [15] researched block-sparse data types on GPUs, op-
timizing electron structure simulation applications on the Summit
supercomputer using the PaRSEC runtime [14].

3 BACKGROUND
3.1 Kohn–Sham Density Functional Theory
The goal of the DFT calculations is to solve the Kohn-Sham (KS)
equations, which correspond to the following eigenvalue problem

𝐻𝜓𝑖 (r) = 𝜖𝑖𝜓𝑖 (r) (1)

where𝐻 is the Hamiltonian operator,𝜓𝑖 is the 𝑖-th KS orbit, and 𝜖𝑖 is
the corresponding orbital energy. Prior to solving the KS equations,
it is customary to discretize them by expressing each KS orbital as
a linear combination of a set of basis functions as

𝜓𝑖 (r) =
𝑁𝑏∑︁
𝜇

𝜙𝜇 (r)𝐶𝜇𝑖 (2)

where𝐶𝜇𝑖 is the expansion coefficient at the 𝜇th atomic orbital and
𝑁𝑏 is the number of basis set. Subsequently, the KS equations can
be rewritten into matrix notations as

𝐻𝐶 = 𝑆𝐶𝐸 (3)
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where 𝐶 is the coefficient matrix, 𝐻 are the Hamiltonian matri-
ces with 𝐻𝜇𝜈 = ⟨𝜙𝜇 |𝐻̂ |𝜙𝜈 ⟩, 𝑆 are the overlap matrices with 𝑆𝜇𝜈 =

⟨𝜙𝜇 |𝜙𝜈 ⟩, and 𝐸 is the diagonal matrix consisting of eigenvalues 𝜖𝑖 .
Solving the above eigenvalue problem by a conventional diagonal-
ization method usually has a computational cost that scales O(𝑁 3),
which hinders the application of DFT to large systems.

The single-particle density matrix 𝑃 = 𝐶𝐶𝑇 offers a significant
alternative to directly solving the eigenvalue problem in traditional
cubic-scaling DFT methods. Density matrix formalism in a local
basis has become a key ingredient of O(𝑁 ) DFT calculations and
can be determined by using linear-scaling methods.

3.2 DGDFT Methodology

(a) (b)

Figure 1: (a) A monolayer phosphorene system partitioned
into 4 × 4 elements; (b) The block-sparse DG Hamiltonian
matrix.

TheDGmethod [1, 2] partitions the global computational domain
into a number of subdomains, referred to as elements, as shown
in Fig.1(a). Each adaptive local basis (ALB) function of DGDFT is
strictly localized within a certain element in the real space and
is discontinuous from the perspective of the global domain. This
results in a block-sparse Hamiltonian matrix (Fig.1(b)) in each self-
consistent field (SCF) iteration, and the non-zero matrix blocks cor-
respond to interactions between neighboring elements are shown
in Fig.1(a). These matrix blocks are significantly larger and denser
compared to conventional cases.

3.3 Density Matrix Purification Method
The density matrix 𝑃 can be accurately approximated through the
matrix function of the Hamiltonian matrix 𝐻 . In this work, we
employed the 4th order trace resetting (TRS4) density matrix purifi-
cation proposed by Niklasson et al [29], as shown in Algorithm 1.
Since the DG Hamiltonian matrix is orthogonal, the overlap matrix
is actually an identity matrix, so we can simplify the algorithm to
some extent. TRS4 constructs the initial value 𝑃0 of 𝑃 using 𝐻 and
then iteratively updates 𝑃𝑛 until convergence. The TRS4 method
defines a parameter domain within which, when the parameter 𝛾𝑛
lies, it employs a linear combination of a pair of polynomials, 𝐹 (𝑥)
and𝐺 (𝑥), to update 𝑃𝑛 . If𝛾𝑛 exceeds the defined parameter domain,

it switches to the update approach of the 2nd order trace-correcting
(TC2) purification [28].

Algorithm 1 The pseudocode for the TRS4 method
Input: Hamiltonian matrix 𝐻 , the number of electrons 𝑁𝑒

1: Compute the eigenvalue 𝜀max and 𝜀min of 𝐻
2: 𝑃0 ← (𝜀max𝐼 − 𝐻 )/(𝜀max − 𝜀min)
3: for 𝑛 = 1 to max_iterations do
4: 𝐹 (𝑃𝑛) ← −3𝑃4𝑛 + 4𝑃3𝑛 ; 𝐺 (𝑃𝑛) ← 𝑃4𝑛 − 2𝑃3𝑛 + 𝑃2𝑛
5: Compute the parameter 𝛾𝑛 according to 𝑁𝑒

6: if 𝛾𝑛 > 6 then
7: 𝑃𝑛+1 ← 2𝑃𝑛 − 𝑃2𝑛
8: else if 𝛾𝑛 < 0 then
9: 𝑃𝑛+1 ← 𝑃2𝑛
10: else
11: 𝑃𝑛+1 ← 𝐹 (𝑃𝑛) + 𝛾𝑛𝐺 (𝑃𝑛)
12: end if
13: Compute the total energy 𝑒 , exit the loop if 𝑒 converged
14: end for
Output: Density matrix 𝑃 , total energy 𝑒

3.4 3D Matrix Partitioning
The DB-SpGEMM algorithm we propose adopts a matrix parallel
partitioning scheme similar to the 3D algorithm [3]. Taking 𝐶 =

𝐴 × 𝐵 as an example, Fig.2 illustrates the mechanism of 3D matrix
partitioning. All processes are organized into a three-dimensional
topology, establishing communication domains among processes
in the same row, column, and layer. The input matrices 𝐴 and 𝐵

are reused across different layers of processes, with each layer
responsible for computing a portion of the resulting matrix 𝐶 .

During the computation, each process sends its a portion of
matrix 𝐴 to processes within the same row and a portion of matrix
𝐵 to processes within the same column. After communication, each
process integrates the received data and performs local matrix
multiplication. Finally, processes in different layers with the same
row and column positions perform inter-layer communication to
aggregate and obtain the final result of matrix 𝐶 .

×

×

=

=

Layer 0

Layer 1

Row Gather

Matrix A Matrix B Matrix C

2 3

0 1
×

2 3

0 1
+

Column Gather

2 3

0 1

Figure 2: 3D SpGEMM

3.5 The New Sunway Architecture
The new Sunway supercomputer is the upgraded version of the
Sunway Taihulight [12]. The architecture of each computing node
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is shown in the Fig.3, which consists of a sw26010pro many-core
processor with 6 core groups (CGs) and 96 GB memory. Each CG
contains a Management Processing Element (MPE) and 8 × 8 Com-
puting Processing Elements (CPEs), which are connected to each
other through an on-chip network. Each CPE has a 256 KB Local
Data Memory (LDM), and the data is transferred between LDM and
main memory via direct memory access (DMA).

MPE

DDR

CPE 8×8

MPE

DDR

CPE 8×8

MPE

DDR

CPE 8×8

MPE

DDR

CPE 8×8

MPE

DDR

CPE 8×8

MPE

DDR

CPE 8×8

CG Network
Network
Interface

Network
Interface

Figure 3: Architecture of sw26010 pro many-core processor

4 ALGORITHM DESIGN AND OPTIMIZATIONS
4.1 Block-Sparse Matrix Storage of DB-SpGEMM
To fully exploit the spatial structure of block-sparse matrices, we
designed the distributed block-sparse matrix (DBSM) data structure
for DB-SpGEMM algorithm. As shown in Fig4, this data structure
evenly partitions the sparse matrix on a two-dimensional process
grid and further subdivides it intomatrix blocks within each process.
For each non-zero block, DBSM uses the dense format (e.g., array)
instead of the sparse format (e.g., CSR, CSC) for storage. In DGDFT,
the benefits of this design are:
(1) Compatibility with existing data structures.
(2) No need for additional format conversions during data redistri-

bution before and after DFT calculations.
(3) Preservation of the original size and sparsity of the matrix

blocks.
It is worth noting that the same rationale applies to other DFT
codes that uses dense format to store matrix blocks.

In the NTPoly library’s implementation of 3D SpGEMM, if the
number of row processes𝑁𝑅 equals the number of column processes
𝑁𝐶 , each process needs to use 𝑁𝐿 × 𝑁𝐿 blocks (𝑁𝐿 represents the
number of layers in the process grid) to store all the local data
for matrices 𝐴, 𝐵, and 𝐶 . However, in the scenario of DFT, the
total number of matrix blocks and the dimension of dense matrix
block in block-sparse matrices are independent of the process grid
configuration. Assuming that there are a total of 𝑀 × 𝑀 blocks,
the data divided among each process will cover (𝑀/𝑁𝑅) × (𝑀/𝑁𝐶 )
matrix blocks. As long as the smaller value between 𝑀/𝑁𝑅 and
𝑀/𝑁𝐶 is greater than 𝑁𝐿 , the subdivision within each process can
follow the original structure of the block-sparse matrix in DBSM.
Overall, DB-SpGEMM determines the storage structure of DBSM
based on the attributes of the application itself, rather than the
process grid configuration unrelated to the application.

In the implementation of DBSM, we dynamically manage the
memory occupied by matrix blocks. During the data redistribution
phase, we only allocate space for non-zero blocks. For a block
that is initially empty, space is allocated only if it generates non-
zero elements during computation. If all the non-zero blocks are

(a) (b)

… …

Figure 4: Block-sparse matrix storage: (a) The block-sparse
matrix is divided within a 4 × 4 process grid; (b) The local
data on each process is further subdivided into matrix blocks
in dense format.

completely dense at the initial time, DBSM will actually store much
less index information than DBCSR. The memory overhead on each
process during computation can also be effectively reduced by 3D
layering, we just need to control the sparsity of each non-zero
block.

4.2 Computational Task Decomposition
To enhance the performance of DB-SpGEMM in matrix multipli-
cation, we devised a computational task decomposition strategy
based on the characteristics of block-sparse matrices. This strategy
aims to more effectively utilize high-performance linear algebra
libraries such as BLAS, which offer dense general matrix-matrix
multiplication (DGEMM) kernels.

× ×+ =

block

block

block

MPI Comm
× =

Figure 5: An example of computational task decomposition
for𝐶 = 𝐴×𝐵, wherematrices are composed of 8×8 blocks and
are dividedwithin a 2×2 process grid, showing the calculation
of matrix blocks in processes 𝑃2 and 𝑃3.

To simplify the communication tasks in stages A and B of the
workflow shown in Fig.6(a), we directly utilize MPI communication
with the dense format non-zero blocks from DBSM. As a result,
each process receives two concatenated one-dimensional arrays.
Performing matrix multiplication directly on the received data re-
quires not only transposing the two arrays but also padding them
with zero elements. Such an operation will introduce additional
overhead and significantly impact the performance. As shown in
Fig.5, when process 𝑃3 calculates a𝐶 block, it first needs to commu-
nicate with processes in the same row and column to obtain their
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Local Reduce

Transpose
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(a) (b)

SpGEMM DGEMM

Sparse?

Y

N
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C
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CPE

CSR→Dense

Dense→CSR

Figure 6: (a) The workflow of 3D SpGEMM in NTPoly, with three stages denoted as A, B, and C. Stages A and B focus on
communication, and stage C focuses on matrix multiplication; (b) The optimized workflow of DB-SpGEMM, with components
highlighted in light orange, indicates tasks suitable for execution on the CPE cluster.

respective matrix block data. For the combined data, it is evident
that not all matrix blocks will participate in the computation. Hence,
we decompose the matrix multiplication into a set of independent
matrix block multiplications.

To achieve this, we need to record the positions of non-zero
blocks in the original matrix. We use a flag array to indicate whether
matrix blocks are empty. The indices of this array correspond to
the positions of each block. This flag array, along with the matrix
data, is sent to other processes in the same row or column. As
shown in Algorithm 2, we inspect the two flag arrays to determine
if both matrix blocks are non-zero. If either block is empty, we can
skip the matrix multiplication at that position. In some cases, no
computation may occur after inspection. When the global matrix
is very sparse, this approach aids in simplifying the GEMM of two
tall-and-skinny matrices into several groups of GEMM involving
two small matrix blocks, thus better utilizing data locality.

Algorithm 2 The pseudocode for computational task decomposi-
tion
Input: Row flag 𝐹𝑟 , column flag 𝐹𝑐 ,𝐴 blocks, 𝐵 blocks, the number

of blocks 𝑁
1: for all 𝑖 = 1 to 𝑁 do
2: if 𝐹𝑟

𝑖
== 1 & 𝐹𝑐

𝑖
== 1 then

3: Compute 𝐴𝑖 × 𝐵𝑖
4: end if
5: end for

As the matrix multiplication is decomposed, we also need to
perform a local sum afterward. Subsequently, communication and
reduction with processes from other layers are conducted. If there
is only one layer, stage C can be terminated after this step.

4.3 Asynchronous Task Scheduling
In order to exploit more parallelism of DB-SpGEMM, fully utilize
the computational capabilities of CPEs on the Sunway many-core
architecture, and achieve better cooperation between MPE and
CPEs, we design a runtime for DB-SpGEMM, as shown in Fig.7(b),
which is used to support the asynchronous execution and schedul-
ing of communication tasks and computational tasks. Our runtime
is based on the classical dataflow model [23], where tasks are ab-
stracted into a directed acyclic graph (DAG). Each task maintains
a dependency count equal to the number of its predecessor tasks,
and a task can only be executed when all its predecessors have
completed.

The runtime starts two threads on the MPE: MPE Worker and
CPE Worker. The former is responsible for starting and executing
communication tasks on the MPE, while the latter is responsible for
scheduling computational tasks on the CPE cluster, as well as allo-
cating and recycling resources. Associated with these two threads
are two concurrent queues that manage the tasks being executed on
the MPE and CPE, respectively, in addition to a concurrent queue
that manages all the tasks waiting to be executed. All tasks are cre-
ated dynamically during runtime. When a task is created, it can be
executed immediately if the dependency count is zero. Otherwise,
it waits for all predecessor tasks to be completed before execution.
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...... ... ... ...

MPE Task Queue CPE Task Queue

MPE Task

CPE Task

......

MPE

CPE Mesh

...

Ready Task Queue

(a) (b)

Execute 
on CPE? 

YN

Figure 7: Task scheduling of DB-SpGEMM: (a) DAG of tasks;
(b) Runtime system design on the Sunway many-core archi-
tecture.

Since the number of 𝐴, 𝐵, and 𝐶 blocks set by default for each
process is (𝑀/𝑁𝑅) × (𝑀/𝑁𝐶 ), DB-SpGEMMwill generate𝑀/𝑁𝑅 𝐴

tasks,𝑀/𝑁𝐶 𝐵 tasks, and (𝑀/𝑁𝑅) × (𝑀/𝑁𝐶 ) 𝐶 tasks. We refer to
specific tasks as 𝐴𝑖 , 𝐵 𝑗 and 𝐶𝑖;𝑗 . For 𝐴𝑖 and 𝐵 𝑗 , we split them into
two tasks as shown in Fig.7(a), 𝐴𝑖_𝐼𝑛𝑓 𝑜 and 𝐵 𝑗_𝐼𝑛𝑓 𝑜 are responsible
for communicating the size and position information of the block,
and 𝐴𝑖_𝐷𝑎𝑡𝑎 and 𝐵 𝑗_𝐷𝑎𝑡𝑎 are responsible for communicating the
data. Since𝐴𝑖_𝐼𝑛𝑓 𝑜 and 𝐵 𝑗_𝐼𝑛𝑓 𝑜 still need to do some preprocessing
work first, using the MPI non-blocking communication will help
us to hide the communication within these processes.

The task 𝐶𝑖;𝑗 can be split into six sub-tasks. It begins with
𝐶𝑖;𝑗_𝑆𝑡𝑎𝑟𝑡 , which ensures that both 𝐴𝑖 and 𝐵 𝑗 have been com-
pleted, and also clears the memory and handling the flag arrays
in preparation for computational task decomposition. Next is the
computational tasks 𝐶𝑖;𝑗 ;𝑘_𝐺𝐸𝑀𝑀 , where the number of these task
corresponds to the number of matrix block multiplications after
decomposition. It is evident that there is no dependency between
these multiplications, allowing them to be performed in parallel.
Without the runtime, the CPE cluster would have to compute them
sequentially, which limits the use of the CPE cluster’s computa-
tional capabilities and DMA bandwidth. With the runtime, different
𝐶𝑖;𝑗 ;𝑘_𝐺𝐸𝑀𝑀 can be dispatched to the CPE cluster nearly simul-
taneously, allowing up to 64 tasks to be in progress at any given
time.

𝐶𝑖;𝑗 ;𝑘_𝐺𝐸𝑀𝑀 is followed by 𝐶𝑖;𝑗_𝐿𝑅 , which is responsible for
summing the results of all the matrix block multiplications and this
can also be performed on the CPE. If the process grid is configured
in 3D, 𝐶𝑖;𝑗_𝐿𝑅 is followed by communication tasks 𝐶𝑖;𝑗_𝐼𝑛𝑓 𝑜 and
𝐶𝑖;𝑗_𝐷𝑎𝑡𝑎 similar to those in 𝐴𝑖 and 𝐵 𝑗 . These tasks also use MPI
non-blocking communication to prevent thread blocking and allow
other tasks to start. Finally, a computational task 𝐶𝑖;𝑗_𝐿𝑅 similar to
𝐶𝑖;𝑗_𝑆𝑅 will be completed.

With such a runtime design and non-blocking communication,
we can maximize the parallelism in DB-SpGEMM, eliminating the
need for serialization of different 𝐴𝑖 , 𝐵 𝑗 , and 𝐶𝑖;𝑗 tasks. Moreover,

the primary computational bottleneck𝐶𝑖;𝑗 ;𝑘_𝐺𝐸𝑀𝑀 can also be par-
allelized using the CPE cluster. Currently, considering the difficulty
of the runtime design and the size of matrix blocks, we only utilize
a single CPE to execute one multiplication [22].

4.4 Optimization
4.4.1 Block-based Load Balancing. Due to the concentration of
non-zero elements along the diagonal direction in sparse matri-
ces used in linear-scaling DFT calculations, directly partitioning
the matrix in two dimensions can result in uneven distribution
of nonzeros among processes. This imbalance can lead to uneven
computational loads across processes, causing certain processes to
become bottlenecks and affecting overall performance. A conven-
tional approach is to perform random permutations on each row
and column. However, in DB-SpGEMM, transforming block-sparse
matrices into completely random sparse matrices and storing them
in dense format would consume a lot of extra memory, signifi-
cantly impact scalability. Therefore, we propose a block-based load
balancing strategy to redistribute data more effectively.

Similar to the conventional approach, block-based load balancing
involves left and right multiplication of two random permutation
matrices with the original matrix. However, we perform permu-
tations at the level of matrix block rows or block columns. The
random permutation matrices we construct have the same number
of matrix blocks as the original matrix. Each block row or block col-
umn containing only one unique matrix block as the identity matrix,
while all other blocks are empty. The mathematical formulation of
this process is as follows:

𝐴
′
= 𝑃𝐴𝑃𝑇 =


0 0 𝐼

𝐼 0 0
0 𝐼 0

 ·

𝐴11 𝐴12 0
𝐴21 𝐴22 𝐴23
0 𝐴32 𝐴33

 ·

0 𝐼 0
0 0 𝐼

𝐼 0 0

 =

𝐴33 0 𝐴32
0 𝐴11 𝐴12

𝐴23 𝐴21 𝐴22

 (4)

After the calculation of density matrix is completed, the inverse
permutation can be achieved through 𝑃𝑇𝐴

′
𝑃 , restoring the ma-

trix to its original data distribution. This approach helps balance
the computational load across different processes without affect-
ing the design of DBSM or the computational task decomposition
strategy. Additionally, since only four extra sparse matrix-matrix
multiplications are generated in total, in density matrix computa-
tions requiring multiple iterations, the benefits of the load balancing
strategy are sufficient to offset these additional overheads.

4.4.2 Two-level On-the-fly Filtering. To control the overall sparsity
of block-sparse matrix and the sparsity of each matrix block during
the iterations, we have designed a two-level on-the-fly filtering
procedure.

The reason SpGEMM achieves linear-scaling is because the num-
ber of non-zero elements exhibits an O(𝑁 ) relationship with the
matrix size, rather than the O(𝑁 2) relationship seen in dense matri-
ces. However, in the iterations, after multiple matrix multiplications,
the sparsity of density matrix significantly decreases, increasing
the computational complexity. The traditional approach is to apply
a numerical threshold 𝛿𝑛 to filter out all non-zero elements with
an absolute value smaller than this threshold after each matrix
multiplication [36]. This method effectively mitigates the decrease
in global matrix sparsity but also reduces the sparsity of each ma-
trix block, thereby affecting the computational efficiency of the
DGEMM kernel.
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Ideally, we aim for each matrix block to be as dense as possible.
Thus, after filtering out non-zero elements within eachmatrix block,
as shown in Algorithm 3, we also check the density of matrix block.
If the density is below a specified threshold 𝛿𝑑 , we discard all non-
zero elements within the entire block.

Algorithm 3 The pseudocode for the two-level filtering
Input: Matrix block𝑀 , the size of matrix block 𝑆 , the numerical

threshold 𝛿𝑛 , the density threshold 𝛿𝑑
1: Initialize counter 𝑐 ← 0
2: for 𝑖 = 1 to 𝑆 do
3: if |𝑀𝑖 | > 𝛿𝑛 then
4: 𝑐 ← 𝑐 + 1
5: else
6: 𝑀𝑖 ← 0
7: end if
8: end for
9: if 𝑐/𝑆 <= 𝛿𝑑 then
10: Clear the matrix block𝑀

11: end if

Since the convergence of the iterations relies on evaluating the
total energy, which involves taking the dot product of the Hamil-
tonian matrix 𝐻 with the density matrix 𝑃𝑛 and then accumulating
the result, it follows that newly appearing non-zero elements in
𝑃𝑛 do not affect the energy calculation. The non-zero elements
that impact the energy calculation are mainly concentrated near
the diagonal, where their values are relatively larger and their cor-
responding blocks are denser, making them less affected by 𝛿𝑑 .
Therefore, filtering out some sparser blocks has minimal impact on
accuracy and can actually reduce solution time by decreasing the
number of matrix-matrix multiplications.

5 NUMERICAL RESULTS AND ANALYSIS
5.1 Setup of the Test Physical Systems and

Testing Environment
We select monolayer phosphorene as our test system. Phosphorene
is a two-dimensional semiconductor material composed of ordered
phosphorus atoms, holding vast potential applications in field-effect
transistors, optoelectronic devices, solar cells, and more. Our tests
encompass various scales ranging from 560 to 35,840 atoms. All tests
are conducted using the DGDFT with double precision on the new
Sunway supercomputer. We initiate six MPI tasks per computing
node, with each task bound to a CG.

5.2 Numerical Accuracy
We initially analyze the numerical accuracy of the density matrix
purification method. Using the results obtained from direct diago-
nalization as a benchmark, we compare them with those computed
using TRS4 method based on DB-SpGEMM. We utilize the total
energy error per atom Δ𝐸 as the evaluation metric, defined as

Δ𝐸 = |𝐸𝑇𝑅𝑆4 − 𝐸𝐷𝐼𝐴𝐺 |/𝑁𝐴 (5)

where 𝑁𝐴 represents the total number of atoms. We select four sys-
tems of different scales, namely Ph140, Ph560, Ph2240, and Ph3500,

Table 1: Total energy error per atom with respect to various
filter of four phosphorene systems

Systems Δ𝐸 (filter=10−8) Δ𝐸 (filter=10−7) Δ𝐸 (filter=10−6)

Ph140 4.28 × 10−7 6.85 × 10−6 4.85 × 10−4
Ph560 5.36 × 10−7 3.63 × 10−5 1.03 × 10−3
Ph2240 7.59 × 10−7 1.71 × 10−5 2.53 × 10−3
Ph3500 1.43 × 10−7 2.95 × 10−5 3.81 × 10−3

where the subscript denotes the number of atoms. For each system,
we test three different numerical thresholds 𝛿𝑛 of 10−6, 10−7, and
10−8. The convergence tolerance for iterations is set to 10−6. The
experimental results are presented in Table 1, where it can be ob-
served that as 𝛿𝑛 decreases gradually, Δ𝐸 reaches the order of 10−7
eV/atom, a precision level acceptable for linear-scaling methods.
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Figure 8: Time to solution and the total energy absolute error
relative to 𝛿𝑑 = 0 at different density thresholds 𝛿𝑑 .

We also examine the impact of two-level on-the-fly filtering on
accuracy and solution time. For this analysis, we utilize Ph3500 as
the test system, employing 6,400 processes for computation and
only measuring the time taken for computing the density matrix.
𝛿𝑛 is set to 10−8, and density threshold 𝛿𝑑 is varied from 0 to 0.5 in
seven steps. The results are shown in Fig.8. It can be observed that as
𝛿𝑑 increases to 0.2, the absolute error in total energy 𝐸𝑇𝑅𝑆4 remains
within the order of 10−4 eV/atom to 10−3 eV/atom, with the impact
on Δ𝐸 still within the order of 10−7 eV/atom. However, the total
computation time decreases by approximately 15% compared to
when 𝛿𝑛 is not set. Based on our statistics, when 𝛿𝑛 is set to 0.5, up
to 15% of non-zero elements are additionally filtered out in a single
iteration, and at this point, the impact on accuracy becomes more
noticeable. Utilizing this filtering method allows us to combine 𝛿𝑑
and 𝛿𝑛 , enabling us to find an optimal configuration tailored to the
requirements of the simulated system.

5.3 Speedup
The performance results of DB-SpGEMM when computing once
𝐶 = 𝐴×𝐴 is shown in Fig.9. We compare the speedup of the runtime
version (discussed in subsection 4.3) and the baseline version with-
out runtime against the MPE version (using LAPACK 3.8.0), both of
them utilize MPI non-blocking operations to hide communication.
In the baseline version, we utilize the xMath BLAS library [27],
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which is optimized for the Sunway many-core architecture. As the
xMath use a CG’s entire CPE cluster for each multiplication, the
DGEMM needs to be performed serially.

We choose two different sparse matrix sizes: 48, 000×48, 000 and
96, 000 × 96, 000, both exhibiting a conventional block-tridiagonal
structure as shown in Fig.9. The block-sparse matrix is divided
into 400 × 400 matrix blocks in two dimension. We adjust the spar-
sity from 84% to 98% by varying the number of non-zero blocks,
specifically initializing a certain number of matrix blocks as fully
dense, while leaving the remaining matrix blocks empty. All tests
are conducted using a 20 × 20 process grid in two dimensions.
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Figure 9: The many-core speedup of the baseline version and
the runtime version under different matrix sizes and sparsity
levels.

From the results in Fig.9, it is clear that at the same sparsity
level, both versions show better acceleration as the matrix size
increases . Although the number of matrix blocks allocated per
process remains constant, the size of each matrix block increases,
enabling more efficient utilization of local LDM space and DMA
bandwidth. Conversely, at the same matrix size, the speedup of
the baseline version remains consistent despite decreasing sparsity.
This is primarily due to load imbalance leading to certain processes
becoming bottlenecks. In contrast, the runtime version can execute
computational tasks in parallel, reducing susceptibility to individual
processes becoming bottlenecks. Moreover, as the matrix density in-
creases, the runtime version can increase the number of concurrent
computational tasks, resulting in improved speedup.
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Figure 10: The many-core speedup of the baseline version
and the runtime version with block-based load balancing.

We also analyze the impact of block-based load balancing on
performance, as shown in Fig.10. Across the four configurations,

there is an average performance improvement of approximately
3x when load balancing is employed. The speedup of the runtime
version reach a maximum of 181x. This improvement is partly
attributed to the computational capabilities of the 64 CPEs in a CG
and partly to the runtime system’s ability to schedule asynchronous
tasks more effectively under load balancing strategy. Overall, the
runtime version exhibit an average speedup of 2x over the baseline
version, with this effect becoming more pronounced as matrix size
increased and sparsity decreased.

In addition to comparing the speedup between different versions
of DB-SpGEMM to validate the feasibility of runtime for perfor-
mance enhancement, we also compare it with NTPoly implemented
on the new Sunway supercomputer. In this experimental setup, we
focus primarily on sparsity of 89% and 84%. This choice is made be-
cause in the current version of NTPoly, direct utilization of xMath
library for many-core acceleration is not feasible when sparsity
exceeds a certain threshold, resulting in significantly slows down
compared to DB-SpGEMM. To better evaluate the two algorithms,
we opt for lower sparsity levels for testing. Both DB-SpGEMM
and NTPoly utilize load balancing strategy. All experiments are
conducted using a 40 × 40 process grid.
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Figure 11: The speedup of DB-SpGEMM compared to NTPoly
across various matrix sizes and sparsity levels.

As shown in Fig.11, the baseline version of DB-SpGEMM offers
limited improvement over 3D SpGEMM. However, with the use of
runtime system, there is a noticeable performance boost. This im-
provement becomes more pronounced as the matrix size increases
and the sparsity decreases.

5.4 Scalability Test
For the strong scalability experiments, we choose Ph3500 and Ph14000
as the test systems, with the number of matrix blocks are 400 × 400
and 1600× 1600, respectively. The size of matrix blocks is 240× 240,
and the 𝛿𝑛 is set to 10−8. We compare the TRS4 method imple-
mented by NTPoly and DB-SpGEMM. As in previous experiments,
only the time to compute the density matrix is considered, and only
the first ten rounds of TRS4 iterations are counted. Both implemen-
tations utilize CPEs for acceleration. However, it is important to
note that due to the design of NTPoly, computations on a small
number of processes during the iterations are completed solely on
the MPE. The experimental results are shown in Fig.12. In Ph3500,
our implementation achieves an average speedup of 10x over NT-
Poly, and an average speedup of 8x in Ph14000. In terms of parallel

1163



DB-SpGEMM: A Massively Distributed Block-Sparse Matrix-Matrix Multiplication for Linear-Scaling DFT Calculations ICPP ’24, August 12–15, 2024, Gotland, Sweden

efficiency, our proposed method maintains 67.1% parallel efficiency
when scales to 64,000 processes (4,160,000 cores) compared to us-
ing 12,800 processes in Ph14000, while NTPoly has 57.5% parallel
efficiency.
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Figure 12: The strong scaling of the TRS4 method imple-
mented based on DB-SpGEMM and NTPoly.

Fig.13 shows the weak scaling of DGDFT in computing the den-
sity matrix. We test five systems Ph3500, Ph8960, Ph14000, Ph20160,
and Ph31500, with corresponding process counts of 16,000, 40,960,
64,000, 92,160, and 144,000. In our tests, NTPoly could not com-
plete the computation correctly at certain scales, so we compare
the results with those from PEXSI currently used by DGDFT. Since
PEXSI uses a different computational method than TRS4, we se-
lect a certain percentage of iterations to count the solution time.
The results show that DB-SpGEMM has an advantage in solution
time across all system sizes and exhibits better weak scaling, our
proposed method can still effectively solve the density matrix by
increasing the number of processes, even at very large system sizes.
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Figure 13: The weak scaling of computing the density matrix
across different system sizes and the number of processes.

In addition, to validate the linear-scaling of the TRS4 method,
we keep the number of processes fixed at 4,096 and increase the
number of atoms. Since the computational complexity of PEXSI in
two-dimensional systems scales as O(𝑁 1.5), the difference between
PEXSI and linear-scaling methods is clearly shown in Fig.14. As

the system size increases, the time required for PEXSI calculations
diverges significantly from linear-scaling methods.
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Figure 14: The linear-scaling of the TRS4 method

6 CONCLUSION AND FUTUREWORK
In this work, we propose the DB-SpGEMM algorithm for mas-
sively distributed block-sparse matrix-matrix multiplication, build-
ing upon the foundation of the 3D SpGEMM. Leveraging this algo-
rithm, we achieve large-scale DFT calculations on the new Sunway
supercomputer. Our approach utilizes a distributed matrix storage
method, avoiding redundant format conversions. Through compu-
tational task decomposition and a runtime system, we fully utilize
the computational resources of the many-core processors. Exper-
imental results demonstrate that with runtime support, our algo-
rithm achieves an additional 2 ∼ 3x speedup. Compared to NTPoly,
the TRS4 method implemented based on DB-SpGEMM in DGDFT
shows significant performance improvements, maintaining 67.1%
parallel efficiency when scales to 4,160,000 cores.

Our proposed method is not limited to the Sunway architecture,
it can be deployed on general platforms similarly to the NTPoly
library, utilizing MPI+OpenMP for acceleration. On CPU platforms,
it is necessary to appropriately adjust the task granularity by merg-
ing matrix blocks to avoid the overhead of frequent thread switch-
ing. On GPU platforms, DB-SpGEMM can be accelerated using
libraries like cuBLAS and rocBLAS, similar to the baseline version
with xMath library. Computational task decomposition can be im-
plemented using batched DGEMM interface. However, to achieve
finer-grained control like that provided by the runtime system, we
need to design the runtime and adapt the DB-SpGEMM algorithm
for GPU platforms in the future.

Although we only focus on DFT calculations in this work, DB-
SpGEMM is actually applicable to other fields involving block-
sparse matrix-matrix multiplication. For instance, it can be used in
some computational fluid dynamics (CFD) [31] and electromagnet-
ics applications [16] that also employ the DG method. Additionally,
the deep learning applications also deals with similar block-sparse
matrices [13]. In the future, we plan to extend this algorithm to
other domains, making it more versatile.
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